In this paper an equation describing the dynamic behavior of a nonlinear beam with viscous damping is treated. In particular it is shown that when the trivial solution is the only equilibrium solution then all solutions, regardless of intial data, decay exponentially to the trivial solution. In those cases where nontrivial equilibrium solutions in addition to the trivial solution are possible it is shown that the nontrivial solution corresponding to the 'lowest buckled mode' is locally stable, i.e. dynamic solutions with initial data 'close' to the lowest buckled mode decay to this equilibrium solution. Estimates are obtained for the various decay rates.
Introduction.
The purpose of this paper is to discuss the asymptotic stability of equilibrium solutions of the equation Solutions of (1.1) describe the damped vibrations of an extensible beam (cf. [1] ).
The existence of solutions to equation (1.1) with a=0 has been treated in [2] and [3] and there is no difficulty in extending these arguments to prove the existence of solutions to (1.1) with a>0 for all t=0. In this paper it will be assumed that the initial data ( 1.2) is sufficiently differentiable to guarantee that solutions of (1.1) are classical solutions. In this case it is quite easily shown following the development in [2] that the solution can be written in the form (1.4) w(x,t) = 2 T,(t)sinj'x where the functions T,-(i) exist for all i §:0 and satisfy the infinite system of ordinary differential equations . In this case (cf. §2) it will be shown that n=0 is globally stable, i.e. every solution w(x, t) of (1.1) has the property that wix, r)->-0 as f->-oo. If £<0 equation (1.7) has, in addition to the trivial solution, solutions of the form
where N is the largest integer such that A2< 1 -e. In §3 conditions on the initial data are given which guarantee that if e<0 then w(x, r)-f*0 as t-»-oo. This result is actually sufficient to guarantee that w(x, t) converges to one of the buckled states Wjb(x) (cf.
[4]). Finally, in §4 it is shown that if the initial data is sufficiently 'close' to Wf(x) (Wy(x)), then w(x, t)-> Wf(x) (w(x, t)^-Wy(x)) as r->-oo, i.e. if e<0 then the lowest buckled mode is 'locally' stable. The above results were obtained formally, using two time asymptotic expansions, by Reiss and Matkowsky [6] .
2. Stability of the trivial solution. In this section it will be shown that if £^0 solutions of (1.1) tend to zero as f-»-co. This result is based on the fact that solutions of (1.1) satisfying the boundary conditions (1. The functions >t'(x, i) and w^Cx, r) vanish at x=0 and x=tt. Thus the minimum characterization of eigenvalues (cf. [5] ) guarantees that (2.6) j\*xa dxj^w2x dx ä 1 and (2.7) ("w2x dx fV í/x ^ 1 since X=l is the smallest eigenvalue of both under the prescribed boundary conditions. We conclude that solutions of (1. where C5 and C6 depend on the initial data. It is an immediate consequence of (2.15) and (2.16) that, even in the case £=0, w(x, t)->0 as f->co. We summarize these results in the following theorem :
Theorem (2.1). If e^.0 every solution w(x,t) of (1.1) satisfying the boundary conditions (1.3) has the property that w(x, /)-»-0 as '-»-co. 4. Local stability of the lowest buckled mode. The equilibrium solutions Wxh{x) of (1.1) are not globally stable even though e<0. Indeed when e<0 there exist solutions of (1.1) which tend asymptotically to each of the possible equilibrium solutions (cf. [6] ). What is true and will be shown in this section is that solutions which 'start' sufficiently close to Wyk(x) decay to Wyh(x) as /-»-co.
In order to show that Wy(x) is locally stable when £<0 it is convenient to adopt the Fourier series representation of the solution (cf. (1.4) ). In this case the identity (2.3) becomes In a manner similar to the above, it can be shown that if the initial conditions are sufficiently close to -yj-e sin xthen w(x, t)-*-J-e sin x as /-»-co.
